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Introduction:
inference for the internal rotation of stars

I one of the hottest topics in asteroseismology
I subgiants and red giants
I main-sequence stars (early-type and solar-type)

I dipolar modes

I most easily observed nonradial modes of stellar oscillation
I play a major role in constraining the internal rotation of stars

(other than the Sun)
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Introduction: rotational splitting
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Theory: effects of slow rotation

rotational splitting� �
δνn,1 = βn,1

Ω̄n,1

2π� �
I average rotation rate (2-d problem)

Ω̄n,1 =

∫ R

0

∫ π

0
Kn,1 (r , θ) Ω (r , θ) dθ dr

I (global) sensitivity of each mode

βn,1 = 1− Cn,1 =

∫ R

0
(ξr − ξh)2 ρr2 dr∫ R

0

(
ξ2

r + 2ξ2
h

)
ρr2 dr



Theory:
special characteristics of the kernel of dipolar modes

The rotation kernel is multiplicatively separable.� �
Kn,1 (r , θ) =

3

4
K̂n,1 (r) sin3 θ� �

I reduction of the 2-d problem to the 1-d problem,

Ω̄n,1 =

∫ R

0
K̂n,1 (r) Ω̂ (r) dr ,

with the model-independent angular average

Ω̂ (r) =
3

4

∫ π

0
Ω (r , θ) sin3 θ dθ .

I straightforward reinterpretation of the 1-d problem that
assumes Ω depends on only the radius.

Question: Is there any physical reason for the separability?



Theory: dipolar modes in the absence of rotation

The essential part of the dipolar
oscillation can be described by the
reduced displacement ~ζ.

I formulation in terms of the
(normal) displacement ~ξ leads
to the 4th-order ordinary
differential equation,

I from which a 2nd-order
equation of ~ζ can be separated

I impacts on
I mode classification
I asymptotic analysis

reduced displacement� �

~ζ = ~ξ − ~rg� �



Theory: slow-rotation effect on dipolar modes

All quantities about the slow-rotation analysis can be expressed by
the reduced displacement in place of the normal displacement.� �

ξr → ζr , ξh → ζh� �
K̂n,1 (r) =

(ζr − ζh)2 ρr2∫ R

0
(ζr − ζh)2 ρr2 dr

βn,1 =

∫ R

0
(ζr − ζh)2 ρr2 dr∫ R

0

(
ζr

2 + 2ζh
2
)
ρr2 dr



KIC 11145123:
a δ Sct–γ Dor hybrid with clear rotational splittings

Kurtz et al. (2014)

I A type (terminal-age)
main-sequence star
[ Teff = 8050± 200 K ;
log g = 4.0± 0.2 (cgs) ]

I nearly rigid rotation with a
period of ∼ 100 day, but with
the slightly faster rotating
envelope than the core

Surface-to-core rotation 103

for another β Cep star, θ Oph, Briquet et al. (2007) found indica-
tions of solid-body rotation. Both of these studies place only weak,
model-dependent constraints on internal rotation.

Our aim is to find main-sequence stars that show both the pressure
modes (p modes) and gravity, or buoyancy, modes (g modes) using
the exquisitely precise Kepler Mission photometric data for the
purpose of observing their interior rotation from the surface right to
the core. The best candidates for this are stars known as δ Sct–γ Dor
hybrids, of which there are several hundred amongst the 190 000
stars observed by Kepler during its four year mission (Uytterhoeven
et al. 2011). We discuss our first success, KIC 11145123, in this
paper.

For readers new to asteroseismology, we summarize some basic
concepts used in this paper. Each eigenmode of adiabatic oscilla-
tions of spherically symmetric stars is specified by the three indices,
n, l and m, which are called the radial order, the spherical degree and
the azimuthal order, respectively. These indices represent the struc-
ture of the eigenfunction (e.g., the radial displacement). The indices
l and m indicate the number of surface nodes, and the number of
surface nodes that are lines of longitude, respectively. Modes with
l = 0, 1 and 2 correspond to radial, dipolar and quadrupolar modes,
respectively. We adopt the convention that positive (negative) m
designates prograde (retrograde) modes with respect to rotation in
the inertial frame. The radial order n is associated with the structure
in the radial direction (Takata 2012). We particularly follow Takata
(2006) for the radial order of dipolar modes. Negative values of n
denote the radial orders of g modes.

2 O B S E RVAT I O N S A N D F R E QU E N C Y
A NA LY S I S

KIC 11145123 has a Kepler magnitude Kp = 13, and is a late A
star. From the Kepler Input Catalogue (KIC) revised photometry
(Huber et al. 2014), its effective temperature is 8050 ± 200 K and
its surface gravity is log g = 4.0 ± 0.2 (cgs units), showing it to be
a main-sequence A star. The data used for the analysis in this paper
are the Kepler quarters 0–16 (Q0–Q16) long cadence (LC) data.
Kepler has an orbital period about the Sun of 372.4536 d, hence
the quarters are just over 93 d. We used the multiscale, maximum
a posteriori (msMAP) pipeline data; information on the reduction
pipeline can be found in the data release notes 211. To optimize
the search for exoplanet transit signals, the msMAP data pipeline
removes astrophysical signals with frequencies less than 0.1 d−1 (or
periods greater than 10 d). None of the pulsation frequencies we
analyse in this paper are near to that lower limit, but if the star has
a direct rotational signal, e.g. from star-spots, that will have been
erased by the pipeline. Since, as we show, the rotation period is near
to 100 d, any data reduction technique will struggle to find a direct
signal at this period because of its similarity to the time span or the
Kepler quarterly rolls. This has no effect on our analysis.

The top panel of Fig. 1 shows a full amplitude spectrum out to
the Nyquist frequency for KIC 11145123 for the nearly continuous
Kepler Q0–16 LC data spanning 1340 d (3.7 yr). There are pul-
sations in both the g-mode and p-mode frequency regions, which
are clearly separated. The second and third panels show expanded
views of those p-mode and g-mode frequency ranges, respectively.

1 https://archive.stsci.edu/kepler/data_release.html

Figure 1. Top panel: an amplitude spectrum for the Q0–16 Kepler LC data
up to the Nyquist frequency for KIC 11145123, showing the presence of
both g modes and p modes that are clearly separated. The middle and bottom
panels show expanded looks in the p-mode and g-mode frequency ranges,
respectively.
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“I have never seen such a simple spectrum.”

by Don in Tokyo 2013



KIC 11145123: clear splittings

���H
��Q



KIC 11145123: questions

I Why such unusually slow rotation?

I The physical reason for the faster rotating envelope?

� �
I How reliable is the argument for the faster rotating

envelope?� �



KIC 11145123: the envelope rotates faster than the core!

model-independent argument

I observation:

�



�
	2δνg < δνp (according to Don)

δν = (1− Cn,1)
Ω̄

2π

I

�



�
	Cn,1 <

1

2
for high-order g modes

⇒ 2δνg is the upper limit of the core rotation rate

I

�



�
	Cn,1 > 0 for p modes

⇒ δνp is the lower limit of the envelope rotation rate� �
[core rotation rate] < 2δνg < δνp < [envelope rotation rate]� �



KIC 11145123: Cn,1 <
1
2 for high-order g modes

Asymptotic analysis tells that Cn,1 approaches 1
2 from below in the

low frequency limit.
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KIC 11145123: Cn,1 > 0 for low-order p modes?

Most evolutionary calculations support this.
B Exceptions in the polytropic models with large indices



KIC 9244992:
another δ Sct–γ Dor hybrid with clear splittings

Saio et al. (2015)

I F type main-sequence star
Teff = 6900± 300 K,
log g = 3.5± 0.4 (cgs)

I clear series of high-order
g-mode triplets

I nearly uniform rotation with
a period of ∼ 65 days,
with the core rotating 4 %
faster than the envelope

3266 H. Saio et al.

Figure 2. Top panel: an amplitude spectrum for the g-mode frequency
range. Middle panel: the range of the higher amplitude g-mode peaks. Many
triplets can be seen. From this range, we have obtained 14 triplets split
nearly equally, and three other modes. Bottom panel: an amplitude spectrum
of the residuals after pre-whitening by 45 frequencies. Note the change in
the vertical scale from the top two panels. An additional five triplets are
obtained in this range.

modes in the g-mode range. However, we have stopped searching for
further small amplitude modes because of smaller signal-to-noise
ratios.

Tables 1 and 2 give the results of a combination of linear least-
squares and non-linear least-squares fits of g-mode frequencies to
the Q1–17 data. Because of the decreasing signal-to-noise ratio for
these further peaks, we chose for this first study of KIC 9244992
to analyse only the most significant multiplets. The first column in
Tables 1 and 2 marks the g modes (g). The second column gives
azimuthal order m, where we adopt the convention that m > 0
corresponds to a prograde mode. The next three columns give fre-
quency, amplitude and phase (with respect to t0 = BJD2455694.25).
The sixth column gives the frequency separations between the
components of each multiplet, which correspond to the ro-
tational splitting. The splittings show small asymmetries, i.e.

Figure 3. Top panel: an amplitude spectrum for the 4.8-d−1 triplet. Bottom
panel: a low frequency triplet with a different splitting (see text for details).

ν(m = 0) − ν(m = −1) > ν(m = 1) − ν(m = 0) with few ex-
ceptions. The asymmetries are up to ∼1.6 × 10−4 d−1, and sys-
tematically larger for lower frequencies. They are larger than those
expected from the second-order effect of the Coriolis force, and the
sign is in the opposite sense. The cause is not clear.

The periods corresponding to all frequencies (except for the
triplets at 2.09 and 0.456 d−1) obtained in the g-mode range
(Tables 1 and 2) are plotted against the period modulus of 2280 s
(0.0264 d) in Fig. 4 (see also Bedding et al. 2014). This échelle
diagram confirms that the g-mode triplets (i.e. l = 1 modes) are
spaced nearly equally in period, with some modulation. Except for
a few modes, we have detected most of the consecutive radial orders
of g modes between 0.95 and 1.78 d−1. Two outliers at periods of
0.66 d (frequency 1.516 d−1) and 0.87 d (frequency 1.147 d−1) in
Fig. 4 might belong to quadrupole (l = 2) modes, but their mode
identification is not certain.

2.2 The p modes

The top panel of Fig. 5 shows the amplitude spectrum in the fre-
quency range of the highest amplitude p-mode peaks. There are
two dominant peaks, at 12.339 d−1(=ν1) and at 12.920 d−1 (=ν2).
These two peaks are pre-whitened in the amplitude spectrum in the
bottom of Fig. 5, where many peaks in the p-mode range can now
be seen. Frequencies, amplitudes, and phases of the most significant
peaks are listed in Tables 3 and 4.

The top panel of Fig. 6 shows the region around ν2 after it has been
pre-whitened (dashed line). We identify the two highest peaks as the
m = −1 (left) and m = 0 (right) components of the triplet formed
with ν2 (m = 1). The bottom panel shows the region around ν1,
which has been pre-whitened (dashed line). No obvious rotationally
split components are found, suggesting ν1 to be a radial mode.
There are peaks at 12.312 and 12.352 d−1, which might be members
(m = −1 and +2) of a quintuplet with a central frequency of

MNRAS 447, 3264–3277 (2015)



KIC 9244992: a problem of the non-equally split triplets�



�
	s =

νm=1 + νm=−1

2
− νm=0 srot =

ν2
rot

40ν
(e.g. Dziembowski & Goode 1992)
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The second-order rotation effect cannot explain the observation.



Summary

Inference of the stellar internal rotation based on dipolar modes
I theory

I multiplicative separability of the rotation kernel
I complete description of the effects of slow rotation on the

frequencies based on the reduced displacement

I two particular stars
I KIC 11145123:

model-independent argument for the faster rotating envelope
than the core

I KIC 9244992:
an unresolved problem about the non-equally split triplets of
the high-order g modes



Asymptotic formula for the second-order rotation effects

s =
νm=1 + νm=−1

2
− νm=0� �

srot =
ν2

rot

40ν� �
(e.g. Brassard et al. 1989; Dziembowski & Goode 1992)

I high-order dipolar g modes

I uniform rotation

I negligible centrifugal distortion



Asymptotic rotation inversion of red giants

based on dipolar mixed modes with no reference model
Goupil et al. 2013; Deheuvels et al. 2015� �

δν =
ζ

2
Ω̄core + (1− ζ) Ω̄envelope� �

ζ =

[
1 +

ν2∆Π1

∆ν

sin (2θg)

sin (2θp)

]−1

Ω̄core =

(√
2

∫
G

N

r
dr

)−1√
2

∫
G

N

r
Ω̂ dr

Ω̄envelope =

(∫
P

dr

c

)−1 ∫
P

Ω̂

c
dr

confirmed by the revised asymptotic analysis of dipolar modes
(Takata 2016), which takes account of the strong interaction
between the core and envelope oscillations


