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A B S T R A C T 

The major-axis density profiles of bars are known to be either exponential or ‘flat’. We develop an automated non-parametric 
algorithm to detect flat profiles and apply it to a suite of simulations (with and without gas). We demonstrate that flat profiles are 
a manifestation of a bar’s secular growth, producing a ‘shoulder’ region (an overdensity above an exponential) in its outskirts. 
Shoulders are not present when bars form, but develop as the bar grows. If the bar does not grow, shoulders do not form. 
Shoulders are often accompanied by box/peanut b ulges, b ut develop separately from them and are independent tracers of a bar’s 
growth. They can be observed at a wide range of viewing orientations with only their slope varying significantly with inclination. 
We present evidence that shoulders are produced by looped x 1 orbits. Since the growth rate of the bar moderately correlates 
with the growth rate of the shoulder strength, these orbits are probably recently trapped. Shoulders therefore are evidence of bar 
growth. The properties of the shoulders do not, ho we ver, establish the age of a bar, because secondary buckling or strong spirals 
may destroy shoulders, and also because shoulders do not form if the bar does not grow much. In particular, our results show 

that an exponential profile is not necessarily an indication of a young bar. 

Key words: galaxies: bar – galaxies: bulges – galaxies: evolution – galaxies: formation – galaxies: structure. 
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 I N T RO D U C T I O N  

ars are found in ∼70 per cent of nearby disc galaxies (e.g. Eskridge
t al. 2000 ; Menendez-Delmestre et al. 2007 ; Erwin 2018 ) and
re major drivers of the evolution of galactic discs, redistributing
nergy, angular momentum, and mass (e.g. Weinberg 1985 ; Sell w ood
 Wilkinson 1993 ; Debattista & Sell w ood 2000 ; Athanassoula

003 ; Kormendy & Kennicutt 2004 ; Debattista et al. 2006 ; Di ́az-
arci ́a, Salo & Laurikainen 2016 ). Understanding their formation

nd structure is therefore crucial to understanding galactic evolution.
lmegreen & Elmegreen ( 1985 ) studied surface photometry of 15
arred spiral galaxies and noted two types of bars – those whose
urface-brightness profiles along the bar major axis was ‘flatter than’
he profile outside the bar radius, and those whose profile was a steep
xponential, noting that flat bars tended to be longer and stronger than
xponential bars. This was confirmed by Elmegreen et al. ( 1996b )
n 19 barred g alaxies. Instead Seig ar & James ( 1998 ) found no such
orrelation in 24 ‘strongly barred’ galaxies, although they considered
 bar profile as flat only if the profile was constant with radius. The
ajor axis profiles of bars are now generally grouped into exponential

r flat with the latter having an o v erall shoulder-like shape. 
Variously described as ‘the flat part of the bar’, ‘humps’, ‘bumps’,

ledges’, ‘plateaux’, or ‘shoulders’, this phenomenon is a common
 E-mail: SRAnderson1@uclan.ac.uk 
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orphological feature of many barred galaxies along the major axis.
t consists of an exponential inner part of the surface density profile,
ollowed by a section with a much shallower gradient (not necessarily
ompletely flat), then a much steeper downward bend to a steep
xponential profile once more, often beyond the bar radius, further
ut in the disc. 
Elme green ( 1996 ), Elme green, Elme green & Al ( 1996a ), and

egan & Elmegreen ( 1997 ) noted that early-type barred galaxies
ere more likely to have flat bars and isophotal twists than late-

ype galaxies, associating the twists with the presence of an inner
indblad resonance (ILR). As part of their analysis of the bar fraction
nd characteristics in 2106 disc galaxies, Aguerri, M ́endez-Abreu &
orsini ( 2009 ) modelled three types of bars, one of which was the
at type. In their study of 46 galaxies, Elmegreen et al. ( 2011 ) also
oted a tendency of early-type galaxies to have flatter bar profiles.
im et al. ( 2015 ) studied 144 face-on ( i < 60 ◦) barred galaxies,

nd found more massive and bulge-dominated galaxies had flat bars,
hereas less massive galaxies had exponential profiles. 
Evidence for flat bar profiles has also been found in edge-on

alaxies. Tsikoudi ( 1980 ) noted a ‘hump’ in the inner portion of
he major axis B -band luminosity profile of NGC 4111 and plateaux
n that of NGC 4762, attributing them to a lens structure. Wakamatsu
 Hamabe ( 1984 ) also noted a ‘hump’ in the profile of NGC 4762

arallel to the major axis. D’Onofrio et al. ( 1999 ) examined the radial
ensity profile of NGC 128 and noted ‘humps’ which became less
ronounced at higher height. L ̈utticke, Dettmar & Pohlen ( 2000 )
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Figure 1. The normalized major axis brightness profiles (observed, not 
deprojected) in the Spitzer 3 . 6 μm band for NGC 4340, NGC 1387, and 
UGC 9661. The black vertical dashed lines represent the bar radial extent. The 
shoulder recognition algorithm (see text) detects shoulders only in NGC 4340, 
with the thick red dot–dashed lines representing the centre of the clavicle and 
the red solid vertical lines representing the boundaries of the shoulder. 
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1 In human anatomy, the clavicle is the collarbone, connecting the shoulder 
blade and the breastbone. We use it here to denote the flattest part of the 
shoulder structure. 
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eached a similar conclusion for a sample of 60 edge-on galaxies 
sing near infrared (NIR) observations, and quantified the humps 
sing profile gradient measurements. In their study of 30 edge-on 
arred galaxies, Bureau et al. ( 2006 ) found that 78 per cent of those
ith a box/peanut (BP) bulge had a flat intermediate region in the
ajor-axis brightness profile. 
Shoulder -like profiles ha ve been seen in simulations (e.g. Schwarz 

984 ; Sparke & Sellwood 1987 ; Combes et al. 1990 ; Athanassoula &
eaton 2006 ). Combes & Elmegreen ( 1993 ) used N -body simulations

o study bar formation and pattern speeds, attributing flat bars to 
he presence of an ILR. Noguchi ( 1996 ) pointed out ‘shoulders’
ppearing in the surface density profile along the bar major axis, at
he ends of the bar, in his simulations of bars in tidally interacting
alaxies. In their study of N -body simulations viewed edge-on, 
ureau & Athanassoula ( 2005 ) noted plateaux in the major axis

urface brightness profiles, and that they grow in time as the bar
engthens; they considered that the plateaux trace or are signatures 
f the bar (but see Valenzuela & Klypin ( 2003 ) where flat profiles
ere only seen in the late stages of evolution and only for strong
ars). 
Clearly then, many past studies have referred to shoulders within 

ars but, to our knowledge, no study to date has focused on
his feature in its own right in simulations. In this study, we use
imulations to examine the phenomenon, and to gain insight into 
he mechanism by which shoulders form. We develop an automated 
lgorithm (the shoulder recognition algorithm, hereafter the SRA ) to 
dentify a shoulder profile in an unsupervised fashion and explore 
he phenomenon quantitatively. We have run it against 1319 pro- 
les in 16 N -body simulation models and one pure star-forming 
odel. 
This paper is organized as follows. In Section 2 we introduce 

ur definition of the shoulder and detail the methods of shoulder 
dentification and quantification. In Section 3 we describe the models 
nd in Section 4 we use our methods to analyse the formation and
volution of the shoulders. In Section 5 we examine how shoulders
issolve. In Section 6 we discuss implications for observations. In 
ection 7 we examine evidence for orbital support of the shoulders,
nd we discuss and summarize in Section 8 . 

 S H O U L D E R  DEFINITION  A N D  

E C O G N I T I O N  

.1 Shoulder definition 

n many real galaxies, the bar’s major-axis surface-density profile 
as a multipart structure. The innermost part of the profile is steep
nd (often) quasi-e xponential. Be yond a certain radius, it flattens to
 shallower profile (an ‘up-bending’ transition) before turning to a 
teeper slope (a ‘down-bending’ transition) further out. Finally, the 
teep outer profile sometimes becomes shallower again at or just 
eyond the end of the bar as it transitions to the disc profile (another
up-bending’ transition). We define the shoulder as the combination 
f the middle two regions: the shallow part of the profile plus the
teep falloff, which together are the outermost part of the bar. Such
 profile therefore exhibits a central peak, followed by the shoulder 
‘peak + shoulders’, see Erwin et al., in preparation). We argue that
rofiles of this type are essentially the same as the ‘flat’ profiles
dentified by Elmegreen & Elmegreen ( 1985 ); we remind the reader
hat the slope of the shallow region need not actually be close to 
ero. 

To illustrate this, Fig. 1 shows the major axis profile of three
alaxies. Spitzer IRAC1 (3.6 μm) profiles of NGC 1387 and 
GC 4340 were retrieved from the Spitzer archive (PI K. Sheth,
rogram ID 10043); the image of UGC 9661 came from the Spitzer
urv e y of Stellar Structure in Galaxies (S 

4 G; Sheth et al. 2010 ). Only
GC 4340 has the shoulder profile described abo v e, NGC 1387 has
 conv e x profile, and UGC 9661’s profile is rather noisy. The red
ertical solid lines represent the inner and outer boundaries of the
houlder as found by the SRA we have developed, which is described
elow. The red vertical dot–dashed lines represent the centre of what
e term the clavicle , 1 the centre of the flat portion of the shoulder,

gain as found by the SRA . 
In the next section we describe the SRA in detail. Readers not

nterested in these details can skip to Section 3 which describes the
odels. 

.2 Shoulder recognition algorithm 

e develop a shoulder recognition algorithm that is automatic, 
esponsive to the signal-to-noise ratio of the underlying image (or 
ossibly variations caused by dust and/or star formation), has tunable 
arameters that enable it to match by-eye detections, and provides a
atural quantification of shoulder parameters. Our method is equally 
uited to simulations and observations but in the description which 
ollows, we focus on its application to simulations. A list of symbols
e use in the quantitative portions of this work and their meanings

re given in Table 1 . 
Rather than make any a priori assumptions about parametric 

rofile components (for example by fitting multiparameter expo- 
entials or S ́ersic profiles), we use a non-parametric approach. This
as the advantages of being less subjective, and requiring no visual
nspection to determine fitting ranges. It can also be relatively easily
utomated. 
MNRAS 513, 1642–1661 (2022) 
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Table 1. Key to symbols used in the paper. 

Symbol Meaning 

a Slope at the clavicle centre (dimensionless, point [1] in Fig. 2 ) 
A bar Bar strength, calculated via the m = 2 Fourier amplitude 
A buck Bar buckling amplitude 
B Strength of the BP bulge 
R bar Bar radial extent 
R sh Outer edge of the shoulder (point [4] in Fig. 2 ) 
R clav,in Inner edge of the clavicle and hence the shoulder (point [2] in 

Fig. 2 ) 
R c Radius of curvature of the smoothed, normalized logarithmic 

major axis surface density profile 
R BP Radial extent of the BP bulge 
� � Stellar surface density 
S Strength of the shoulder, the fractional excess mass it contains 
Z global Global median height, normalized to its value at t = 0 Gyr 
ρ Ratio of normalized surface density at the clavicle to the peak 

density at the centre [log ( � � N,clav )/log ( � � N,peak )] 
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Figure 2. Normalized logarithmic density profile for model 2, at t = 5 Gyr 
to illustrate the method of shoulder quantification. The x- axis is normalized 
to the bar radius, and we show only x > 0. Upper panel: The (black) line 
is the original profile and the (blue) dashed line is the smoothed profile, 
slightly offset vertically for clarity. The radius of curvature, R c , is shown 
by the orange dot–dashed curv e. F or clarity, we plot the deri v ati ves in the 
lower panel: the green line is the first derivative of the smoothed profile, 
and the dashed purple line is the second deri v ati ve. The horizontal dot–dash 
lines marks where the deri v ati ves are zero. The permissible range of the bar 
radius (based on its uncertainty, see Section 3.3 ), centred around x / R bar = 1, 
is shown by the grey area. Key locations are numbered in the natural order in 
which they are calculated, and are described in the text. 
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Since we are investigating shoulders within the bar, we measure the
ar radius beforehand (see Section 3.3 for details). We then compute
he logarithmic stellar surface mass density profile, log � 

� ( x ), along
he bar’s major axis, which we take as | y | ≤ 1 kpc (see Section 3.4 ). In
rder to compare different profiles in a uniform manner, we normalize
ach profile to have values between 0 and 1 and denote the result as
og � 

� N . We also normalize the x -axis to the bar radius R bar , so both
xes are dimensionless. 

Our method depends on the deri v ati ves of this profile, so
moothing is essential. Having investigated a number of smoothing
echniques, we settled on using a Butterworth lowpass filter of
rder 2 (Butterworth 1930 ). The algorithm then obtains deri v ati ves
f the smoothed profile by the method of central differences; a
uccessful implementation depends on sufficient noise reduction
o ensure smoothly v arying deri v ati ves, but not so much that
he smoothed profile fails to faithfully follow the major profile 
eatures. 

We achieved this balance for the simulations by examining several
rofiles, with a particular focus on model 2 of Debattista et al.
 2020 ; see Section 3.1 ) at t = 5 Gyr. We calculated the smoothed
rofiles with many combinations of smoothing extent and filter
rder. For each combination, we calculated the root-mean-square
esiduals between log � 

� N and its smoothed version, as well as
he dispersion in the differences between adjacent values of the
eri v ati ve dlog � 

� N /d x , and the number of extrema in that deri v ati ve
too man y e xtrema implying insufficient smoothing). We selected
he combination which gave a reasonable balance of noise reduction
with particular attention to the number of extrema in the deri v ati ve),
nd a faithful representation of the o v erall profile shape, and validated
he results by visual inspection of the smoothed versus original
rofiles. While this part of the analysis is subjective, it is set once
nd held constant throughout. 

We use the first deri v ati ve of the smoothed profile, dlog � 

� N /d x ,
o test for the presence of shoulders (see also L ̈utticke et al. 2000 ).
he process is illustrated in Fig. 2 . For clarity, we show the profile

or x > 0, but the procedure is similar for x < 0. The bar radius
nd its error are calculated using Fourier analysis of the stellar
urface density projected on to the ( x , y )-plane, described in detail in 
ection 3.3 . 
We find all extrema of the slope dlog � 

� N /d x which are within the
ar (i.e. at | x | < R bar ) and at distances from the centre > 0.2 R bar (we
NRAS 513, 1642–1661 (2022) 
mpose the latter condition as we do not wish to mix shoulders with
ensity features associated with a BP bulge; see Erwin & Debattista
016 ). We then identify the flattest such extremum – that is, the one
ith slope closest to zero (this marks the flattest part of the profile).
inally, we classify the profile as having a shoulder if that extremum

s sufficiently flat: we define this as having a slope < T (for x < 0)
r > −T (for x > 0). After visual inspection of many profiles, we
ettled on T = 0.4 as a reasonable threshold. Hence we do not find
houlders if (i) there is no bar or (ii) there is no region of the profile
eeting the flatness criteria with respect to T . Note that we consider
 profile which turns beyond zero slope with an up-bend to be a
houlder profile (an example can be seen in the top left-hand panel of 
ig. 3 ). 
If we do identify a shoulder, we name this minimum point in

 dlog � 

� N /d x | as the centre of the clavicle (point [1] in Fig. 2 ). We
enote the slope at the clavicle centre by a – this represents the
flatness’ of the shoulder. 

This analysis is repeated for x < 0. By definition, both sides’
lavicle centres must be located at | x | < R bar . Hence, ring-like
tructures with o v erdensities outside the bar are not considered
houlders. If we do not detect a clavicle on both sides of x = 0, the
RA deems the profile to have no shoulders. So we only recognize
houlder pairs. Moreo v er, since we recognize a clavicle as the point
f the smallest absolute value of the slope, the algorithm does not
etect more than one pair of shoulders. 

If a profile has shoulders, we determine their extent ; for this we
se the radius of curvature of the smoothed profile, which is defined
s 

 c = 

[ 
1 + ( d log � ‹N 

d x ) 2 
] 3 

2 

∣∣∣ d 2 log � ‹N 

d x 2 

∣∣∣ , (1) 
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Figure 3. Upper panels: A sample of normalized surface density profiles 
along the bar major axis for three models, taken with the major-axis cut 
( | y| ≤ 1 kpc ). Each panel shows the original profile (black line), and the 
smoothed profile (dashed blue line), offset vertically for clarity. The bar 
radius is indicated by the grey areas. Lower panels: Examples of weak, 
medium, and strong shoulder profiles. The clavicle centres are indicated by 
the vertical red dot–dashed lines, and the slopes at the clavicle are indicated 
in the text beneath each profile. Residuals (difference between the smoothed 
and original profiles) are shown beneath each panel in red. 
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nd is shown as the orange dot-dashed line in Fig. 2 . The only

nstance in the literature we have found which uses this parameter 
n a similar context is Lucatelli & Ferrari ( 2019 ), who use the
urvature ( R 

−1 
c ) to identify different components in the radial density

rofiles of observed galaxies. Foyle, Courteau & Thacker ( 2008 ) 
nalysed density profiles, identifying break radii, and discussed the 
se of profile deri v ati ves to determine them (their Appendix B).
hey concluded that numerical methods were ‘clearly promising’, 
lthough they used visual estimates for simplicity. 

We set the inner boundary of the clavicle to be the location of
he minimum in R c nearest to the centre of the clavicle, on the
ide closest to x = 0, and its outer boundary to the corresponding
inimum further out. We set the outer edge of the entire shoulder to

e at the second outward minimum in R c . 
In Fig. 2 we annotate key points in the quantification process in

he natural order in which they are calculated: (1) the clavicle centre
thick red dot–dashed vertical line), at the minimum of dlog � 

� N /d x
hich is greater than −T , between x = 0 and the bar radius; the

lope at this point ( a ) is greater than −T and so the SRA recognizes a
houlder; the closer a is to zero, the flatter the shoulder; (2) the inner
oundary of the clavicle, where R c reaches its first inward minimum 

rom the clavicle centre (thick purple dot–dashed vertical line); we 
efine the inner boundary of the entire shoulder to be located here
lso; (3) the outer boundary of the clavicle, where R c reaches its
rst outwards minimum from the clavicle centre (thick purple dot–
ashed vertical line); (4) the outer edge of the entire shoulder, where
 c reaches its second outward minimum from the clavicle centre 

thin red vertical line); we denote this as R sh ; (5) a simple linear
xtension of the inner profile connecting inner and outer boundaries 
f the shoulder, constructed to estimate the excess mass contained 
ithin the shoulder (see below); we consider (4) to be the point at
hich the profile has reached the value where it would have been,
ad the shoulder been absent. 

Based on these definitions, the extent of the clavicle is shown 
y the thick red double-headed horizontal arrow, and that of the 
houlder by its green counterpart. Very thin shoulders (where the 
lavicle width ≤0.05 L bar ) are rejected on the basis that these are likely
o be local transient density perturbations rather than the extended 
orphological feature we are seeking. 
We quantify shoulder ‘strength’ via the ‘excess mass’ in the 

houlder. We define this quantity by extending a line from the
houlder’s inner to its outer boundary [line (5) in Fig. 2 ] and treating
his as a notional ‘original’ profile; the difference between the actual
houlder profile and this exponential is the ‘excess’. Denoting the 
ass along the original profile between these points as m o , and the
ass along the line as m l , we calculate the excess mass as m e = m o −
 l , which we can then normalize to the original mass between these
oints. Hence our measure of shoulder strength is the dimensionless 
 = m e /m o . Stronger shoulders have higher fractional excess 
ass. 
We define the errors on all calculated parameters as half the

ifference between the values for x < 0 and x > 0. As a proof
f concept, we have run the SRA against the three bar major axis
rofiles shown in Fig. 1 . The SRA correctly identifies the shoulders
n NGC 4340, and does not recognize shoulders in the other two
NGC 1387 does not pass the first deri v ati ve slope threshold, and the
hallo west first deri v ati ve slope for x < 0 in NGC 9661 is outside the
ar). 

 T H E  M O D E L S  

he majority of our models have been presented elsewhere; for the
ake of concision we refer the reader to earlier papers in such cases.
e use the same naming conventions for ease of reference. 

.1 N -body models 

ur first set of models are pure N -body models with no gas or
tar formation. Several of these have been published already. From 

ebattista et al. ( 2020 ), we use models 2, 3, 4, and 5, which are
aryon-dominated pure disc Milky Way-like models. From the same 
aper we also use the thin + thick disc model T1, as well as the dark
atter-dominated model HD2. From Debattista et al. ( 2017 ) we use

he thin + thick disc model T4. 
We include an unpublished thin + thick disc model, T6. This is

imilar to T1 in that it has a thin and a thick disc of equal mass,
oth having scale length R d = 2 . 4 kpc . The main differences are in
he geometric and kinematic parameters of the two discs. T6 has
n initially thicker thick disc, with scale height h z = 900 pc (versus
 z = 400 pc in T1), a central velocity dispersion σ0 = 140 km s −1 

versus σ0 = 90 km s −1 in T1) which declines exponentially with a 
cale length R σ = 3 . 5 kpc (versus R σ = 2 . 5 kpc in T1). The thin disc
iffers from that in T1 by being thicker, with h z = 300 pc (versus
 z = 100 pc for the thin disc in T1). 
We also include two unpublished bulge + disc models. These 

ave been constructed using GALACTICS (Kuijken & Dubinski 1995 ; 
idrow & Dubinski 2005 ). They are based on the Milky Way-like
odels in Widrow, Pym & Dubinski ( 2008 ), which are described

lso in Hartmann et al. ( 2014 ). The profiles of the bulges are given
y 

= ρ0 

(
R 

R b 

)−p 

e −b( R/R b ) 1 /n (2) 

here b is al w ays set such that R b is the half-mass (ef fecti ve) radius.
n projection, this results in a S ́ersic profile. 

Model CB1 is based on the Toomre- Q = 1.75, X = 3.5 model of
idrow et al. ( 2008 ), with a more compact and more massive bulge.
MNRAS 513, 1642–1661 (2022) 
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e use n = 1, p = 0.44, and R b = 300 pc . The density scale ρ0 is
ot set directly but is set via the scale velocity (see Hartmann et al.
014 ), which we set to σb = 350 km s −1 . The comparable model in
idrow et al. ( 2008 ) has n = 0.85, p = 0.36, and R b = 670 pc ,
ith scale velocity σb = 215 km s −1 . Model CB1 is comprised of 2
illion disc particles, 0.4 million bulge particles, and 1 million dark
atter particles. 
Model CB2 is based on the Toomre- Q = 1.25, X = 2.5 model

f Widrow et al. ( 2008 ), with another compact b ulge, ha ving n =
, p = 0.44, R b = 300 pc , and σb = 400 km s −1 . In contrast the
omparable model in Widrow et al. ( 2008 ) has n = 0.85, p = 0.44,
nd R b = 580 pc , with scale velocity σb = 240 km s −1 . Model CB2
s comprised of 0.9 million disc particles, 0.2 million bulge particles,
nd 1 million dark matter particles. 

Model PB1 is also a new model, which is comprised of a
seudobulge and an exponential disc built using the version of
ALACTICS presented in Deg et al. ( 2019 ). The halo of model PB1

s a Hernquist model, defined using the GALACTICS parameters
h = 550 km s −1 , R h = 30 kpc , α = 1, β = 4. The main disc has
 d 1 = 4.31 × 10 10 M �, R d1 = 2 . 67 kpc , and z d1 = 0 . 35 kpc while

he pseudobulge is another exponential disc with M d 2 = 4.77 × 10 9 

 �, R d2 = 0 . 26 kpc , and z d2 = 0 . 23 kpc . Model PB1 is comprised
f 2 million disc particles, 200 000 particles in the pseudo-bulge disc
nd 15 million dark matter particles. 

The new model SD1 is built using a modified version of the
ALACTICS code that generates collisionless discs using a S ́ersic
urface density profile 

 d = 

M d 

2 πnR 

2 
d �(2 n ) 

e −( R/R d ) 1 /n , (3) 

here M d is the disc mass, R d is the scale length, n is the S ́ersic index,

nd � is the gamma function. Model SD1 has 5 × 10 6 halo particles
nd 4.4 × 10 6 disc particles. The halo uses the same parameters
s PB1, while the S ́ersic disc has M d = 5.74 × 10 10 M �, R d =
 . 265 kpc , z d = 0 . 25 kpc , and n = 2.05. 
We also include two models in which we suppress most secular

ar growth by setting the halo in full prograde rotation (Debattista
 Sell w ood 2000 ; Long, Shlosman & Heller 2014 ; Collier & Heller

018 ). This results in large spin parameters of the haloes, λ, which are
are in cosmological simulations (Bullock et al. 2001 ). Since our goal
s to contrast these models with their evolving and growing versions
ith the more typical, unrotating haloes, we are unconcerned by the

act that fully rotating haloes are very improbable in nature. The two
odels for which we have done this are model 2 (which becomes

S, with λ � 0.084) and model SD1 (which becomes SD1S, with λ
 0.091). 
All numerical parameters in the collisionless runs are the same as

hose in models 2, 3, 4, and 5 which are described in Debattista et al.
 2020 ). 

.2 Star-forming models 

odels PBG1 and PBG2 are built using the version of GALACTICS

eleased in Deg et al. ( 2019 ), which builds equilibrium models with
nitially isothermal gas discs. These two models consist of two
tellar discs, a gas disc, and a dark matter halo. For both models
he main stellar disc has M d 1 = 4.31 × 10 10 M �, R d1 = 2 . 67 kpc ,
 d1 = 0 . 32 kpc , and an exponential disc pseudo-bulge with M d 2 =
.67 × 10 9 M �, R d2 = 0 . 35 kpc , z d2 = 0 . 3 kpc . The y both hav e
aloes with σh = 550 km s −1 , R h = 30 kpc , α = 1, and β = 4. Both
odels have a gas disc of mass M g = 4.79 × 10 9 M �. The difference
NRAS 513, 1642–1661 (2022) 
etween the two models is that model PBG1 has a gas disc with scale-
ength R g = 2 . 67 kpc , while model PBG2 has a more extended disc,
ith R g = 6 . 7 kpc . 
We also use the star-forming simulation described in Cole et al.

 2014 ), Gardner et al. ( 2014 ) and, most e xtensiv ely, in Debattista
t al. ( 2017 ). Uniquely, this model starts out with a gas corona but no
tars at all, so its evolution is free of any potential biases that might
rise from inserting a disc of stars ab initio . We adopt Gardner et al.
 2014 )’s designation for this model: HG1. 

Models PBG1 and PBG2 were evolved with CHANGA (Jetley et al.
008 , 2010 ; Menon et al. 2015 ). Stars form out of gas with a 5 per cent
fficiency, once the cool gas density exceeds 0.1 cm 

−3 in a converging
ow. Thermal and chemical turbulent diffusion uses the prescription
f Shen, Wadsley & Stinson ( 2010 ), with a mixing parameter D =
.03. Gas and star particles have softening of ε = 50 pc , including
ewly formed stars, while the dark matter particles have ε = 100 pc .
upernova feedback couples 15 per cent of the 10 51 erg per supernova

o the interstellar medium. We use a base time step of � t = 2.5 Myr
ith time steps refined such that δt = �t/ 2 n < η

√ 

ε/a g , where we
et the refinement parameter η = 0.175 and a g is the gravitational
cceleration at a particle’s position. We set the opening angle of the
ree-code gravity calculation to θ = 0.7. Gas particle time steps
lso satisfy the condition δt gas = ηcourant h /[(1 + α) c + βμmax ],
here ηcourant = 0.4, h is the SPH smoothing length set o v er the
earest 32 particles, α and β are the linear and quadratic viscosity
oefficients and μmax is described in Wadsley, Stadel & Quinn 
 2004 ). 

The simulations listed abo v e do not include all the models we have
tudied. We include here models exhibiting interesting behaviours
hich help us understand the shoulder phenomenon. We emphasize

hat our simulations are isolated, so each model’s evolution is entirely
ecular. 

We found no obvious differences between the collisionless models,
he two models with gas and the pure star-forming model HG1, so in
his study we do not compare collisionless models and models with
as. We examine model HG1 in Section 4.3.6 . 

.3 Bar strength, length, and formation time 

s we are investigating profiles within the bar, we require measure-
ents of the bar strength and radius. Since the bar is a bisymmetric

eviation from axisymmetry, we define the bar strength, A bar , as the
mplitude of the m = 2 Fourier component of the stellar particle
urface density distribution, projected on to the ( x , y )-plane. Having
otated the models so the bar major axis is oriented along the x -axis,
e calculate the azimuthal angle (with respect to the x axis) φk of

ach stellar particle, of mass m k , and then calculate 

 bar = 

∣∣∣∣� k m k e 
2 iφk 

� k m k 

∣∣∣∣ . (4) 

ev eral methods hav e been dev eloped for measuring bar sizes (e.g.

guerri et al. 2000 ; Athanassoula & Misiriotis 2002 ; Erwin 2005 ;
ichel-Dansac & Wozniak 2006 ). We adopt the bar radius as the

verage of two calculations: the first is the (cylindrical) radius at
hich the amplitude of the m = 2 Fourier component reaches half its
aximum value after the peak. The second is the (cylindrical) radius

t which the phase of the m = 2 component deviates from a constant
y more than 10 ◦, with the uncertainty as half the difference. We refer
o the resulting bar radius as R bar ; the resulting average uncertainty is
0 per cent . We calculate the time of bar formation, t bar , as the time
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Figure 4. Logarithmic surface density profiles along the bar major axis, x , 
for various cuts in | y | , in model 2 at t = 5 Gyr. The thick black line shows the 
cut | y | ≤ 1 kpc (the ‘major axis cut’), and is the one we use for all analyses in 
this study. The grey areas represent the permissible range of bar radius (see 
text for details). 
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hen log ( A bar ) changes from a positively sloped line to flat – i.e.
hen the instability has saturated and formed a steady bar. 

.4 Bar major axis 

e restrict our analysis to the bar by taking a cut along its major axis,
 y | ≤ 1 kpc. To show that our choice of cut in | y | does not materially
lter our results, we show in Fig. 4 the profile for various cuts in | y | ,
anging from 500 pc to 2 kpc for model 2. Little additional profile
nformation is gained by increasing the width of the cut while using
oo thin a cut only increases the noise. We therefore adopt | y | ≤ 1 kpc
or all models in this study. We call this the ‘major axis cut’ for ease
f reference, and it al w ays implies | y | ≤ 1 kpc. 

.5 Bar buckling and the BP bulge 

he bars in some of the models suffer the buckling instability 
Raha et al. 1991 ; Martinez-Valpuesta & Shlosman 2004 ; Smirnov 
 Sotnikova 2019 ). Buckling manifests as a deviation from vertical 

ymmetry, followed by a rapid increase in thickness, and generally 
he development of a BP bulge (Bureau & Freeman 1999 ; Debattista
t al. 2004 ; Athanassoula 2005 ; Bureau et al. 2006 ) in the inner part
f the bar. We define the buckling amplitude as 

 buck = 

∣∣∣∣� k z k m k e 
2 iφk 

� k m k 

∣∣∣∣ , (5) 

here z k is the z coordinate of the kth particle. A buck has dimensions
f length. 
We quantify the strength of a BP bulge following the method of

ragkoudi et al. ( 2017 ): we measure the maximum of the median
f absolute heights ( | z| ) for the particles in radial bins of 0 . 1 kpc .
ormalizing by the global median of absolute heights at t = 0 ( | z| 0 )

or each model makes comparison between models possible. So we 
efine the BP strength, with tilde representing the median as 

 = 

˜ | z( R) | max ˜ | z| 0 
. (6) 

e measure the radial extent of the BP bulge, R BP , as the radius at
hich | z| (and therefore B) is a maximum. As a measure of vertical
eating, we denote the global median | z| for a model scaled to its
alue at t = 0 as Z global . 
 RESULTS  

.1 Sample model profiles 

ig. 3 (upper panels) shows examples of the original and smoothed
rofiles and their residuals for a selection of models. The residuals
utside the bar are generally larger than those within, but this is not
 concern as we are interested in the profiles within the bar. We
lso find that the central regions of highly concentrated models can
ave larger residuals; ho we ver, these inner regions are not of concern
ither because the shoulders do not reside there. 

Judging whether a profile has shoulders is somewhat subjective; 
s discussed earlier, the SRA uses the clavicle slope as a threshold.
onsider the three profiles shown in the lower panels of Fig. 3 . In
ll cases the profile slope changes at | x / R bar | ∼ 0.75. At this point,
he profile on the left has barely perceptible shoulders, the middle
anel exhibits clear shoulders, while the right-hand panel has strong 
houlders. The slopes’ absolute values decrease as the shoulders 
trengthen. Thus the slope lends itself to shoulder identification and 
uantification – there is an absolute slope value abo v e which we
onsider shoulders to be absent. 

As an example from our simulations, the left-hand panels of Fig. 5
how the logarithmic surface density plot in the ( x , y )-plane for model
 at t = 5 Gyr (the same model and time as in Fig. 4 ). The model
as a strong bar; the shoulder profile is visible at | x| ∼ 7 kpc within
he bar radius (indicated by the grey shaded regions), and is roughly
ymmetric about x = 0. This is accompanied by an increase in the
ontour spacing along the major axis. The downwards bend occurs 
ust after the end of the bar, as was found in the simulations of
thanassoula & Beaton ( 2006 ). 
Note that we consider an ‘up-bending’ profile within the bar to

e a shoulder profile. An example can be seen in the top left-hand
anel of Fig. 3 (model 5 at t = 5 Gyr). The SRA recognizes this as a
houlder. 

Outer rings are not considered shoulders. The right-hand panels of 
ig. 5 show model HD2 at t = 7.6 Gyr. The flat o v erdensities at | x |

6 and 9 kpc are not shoulders, since they lie outside the bar. The
urface density plot in the upper panel shows that these are rings .

oreo v er, shoulders are not the same phenomena as Freeman Type
I profiles (Freeman 1970 ; Erwin, Pohlen & Beckman 2008 ), down-
ending disc breaks in the azimuthally averaged profiles which occur 
uch further out in the disc than the bar. 

.2 Bar formation and buckling 

e start our study of the simulation suite by describing the evolution
f the bars in the models. Fig. 6 shows the evolution of the global bar
nd buckling amplitudes, A bar and A buck . We group the simulations
nto those that strongly buckle (group B) and those that have weak
r no buckling (group WNB). Five of the group B models (models
, 2S, 3, 5, and T4) undergo a second major buckling. In most
roup WNB models, bar strength grows smoothly (top row, right 
wo columns), but there are some with flat or declining bar strengths.

e hav e e xplored other ways of grouping the models, including the
ar ‘speed’ (fast or slow as determined by R , the ratio of corotation
adius to bar radius, with a separation at R = 1 . 4), and heights within
nd outside the bar. Ho we ver, we were unable to find any more
nsightful grouping than those that buckle, and those which do not
or do so very weakly). We also checked central concentration via the
 28 parameter (Kent 1987 ), defined as 5log ( R 80 / R 20 ), with R 80 and
 20 being the cyclindrical radii containing 80 per cent and 20 per cent
f the stellar mass, respectively. A high central mass concentration 
MNRAS 513, 1642–1661 (2022) 
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Figure 5. Upper panels: Logarithmic stellar surface density plot in the ( x , y )-plane for models 2 at t = 5 Gyr (left) and HD2 at t = 7.6 Gyr (right). The red 
horizontal dashed lines represent y = ±1 kpc. Lower panels: Logarithmic stellar surface density profile along the bar major axis for | y | ≤ 1 kpc, for the respective 
models and time steps. The grey areas represent the bar radius (vertical black lines for model HD2 as the error in bar radius is small at this time step). In model 
2, the shoulders are centred at | x| ∼ 7 kpc . In model HD2, the ring encircling the bar at ∼5 −7 kpc produces a flat profile similar to shoulders, but lies outside 
the bar and so does not qualify as a shoulder profile. 
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uppresses buckling (Berentzen et al. 2007 ; Iannuzzi & Athanassoula
015 ; Seo et al. 2019 ), so this is degenerate with the B/WNB grouping
e adopt, with < C 28 > = 2 . 78(3 . 78) for B (WNB) models at t = 0.
e therefore rely on the B and WNB groupings throughout. 
Fig. 6 also shows the evolution of Z global (bottom row, dashed

ine); for model HG1, we normalize this to ˜ | z| at t = 3 Gyr since at t
 0 we have no stellar particles, and by 3 Gyr we have a stable bar.
his ratio increases with time in both groups. Each major buckling
pisode in group B is accompanied by a large increase in Z global ,
s the buckling heats the disc vertically. In contrast, in group WNB
odels the increase in Z global is gradual. Table 2 presents an o v erview

f some key evolutionary parameters. 

.3 Formation and evolution of shoulders 

.3.1 Shoulder detection 

o ensure consistency of treatment, we apply the SRA in an automated
ashion to each time step in all models. We apply it to nine group B
buckling) models, and seven group WNB (weak or non-buckling)
odels. Figs 7 and 8 show the evolution of the major axis density

rofiles for groups B (less model 2S) and WNB (plus model 2S),
espectively. In these plots, time increases vertically with regularly
paced markers in Gyr. The blue symbols show the bar radial extent.
houlders, when recognized by the SRA , are marked in red. For group
NRAS 513, 1642–1661 (2022) 
 models, major buckling episodes (maxima in A buck ) are shown by
hick green lines. 

Although the SRA remo v es human subjectivity by running au-
omatically, it is still subject to noise and transient effects. For
xample, transient spirals or density perturbations within a growing
ar can be mistaken by the algorithm for shoulders. Often these
eatures are seen around the time of bar formation, do not persist
or more than 1–3 time steps, and are highly asymmetrical about
 = 0 (e.g . model 2 at ∼1.5 Gyr). We define persistent shoulders
s those which survive more than three consecutive time steps,
nd transients are those surviving for three or fewer consecutive
ime steps. We none the less retain all shoulder recognitions made
y the algorithm, regardless of physical origin, since transients
ould be observationally indistinguishable from persistent shoul-
ers. We disregard them in some analyses below, as stated in the
ext. 

Including transients, this results in a data set of 364 (of 909 or
0 per cent) and 375 (of 707 or 53 per cent) time steps with shoulders
or groups B and WNB, respectively. 

.3.2 Buckling versus weakly or non-buckling models 

he most striking difference between the two groups is the smooth
rowth of shoulders relatively soon after the bar’s formation in most
NB models, whereas in most B models, persistent shoulders form

art/stac913_f5.eps
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Figure 6. The global bar and buckling amplitudes A bar and A buck for models in groups B and WNB. Top row: A bar . Bottom row: A buck (solid lines) and Z global 

(dashed lines). Note that the ordinate axis scale is the same in each panel to ease comparison. Buckling amplitudes are close to 0 in most WNB models, and 
Z global increases more steadily in these models than in B models. 

Table 2. Key evolutionary characteristics of the models. 

Model Group t bar t buck R bar,end t sh t sh − t bar t sh − t buck S max a shallowest 

[Gyr] [Gyr] [kpc] [Gyr] [Gyr] [Gyr] 

Model 2 ∗ B 0 .7 2 .9 11 .6 3 .5 2 .8 0 .6 0 .24 − 0 .18 
Model 3 ∗ B 2 .1 3 .8 11 .0 3 .1 1 .0 − 0 .7 0 .26 − 0 .12 
Model 4 B 0 .5 3 .8 9 .3 4 .1 3 .6 0 .3 0 .14 − 0 .18 
Model 5 ∗ B 1 .6 2 .9 9 .7 3 .5 1 .9 0 .6 0 .35 − 0 .03 
Model T6 B 1 .0 2 .6 13 .7 – – – – –
Model HD2 † B 2 .6 9 .3 4 .8 6 .3 3 .7 − 3 .0 0 .28 0 .05 
Model T1 B 0 .3 1 .6 10 .1 3 .8 3 .5 2 .2 0 .13 − 0 .2 
Model T4 ∗ B 1 .0 2 .2 12 .6 1 .9 0 .9 − 0 .3 0 .25 − 0 .26 
Model 2S ∗ B 0 .5 5 .5 7 .4 – – – – –

Model HG1 ‡ WNB 3 .5 – 3 .0 6 .7 3 .2 – 0 .08 − 0 .22 
Model CB1 WNB 3 .2 – 7 .2 3 .2 0 .0 – 0 .16 − 0 .21 
Model PB1 WNB 1 .0 – 7 .1 2 .3 1 .3 – 0 .24 − 0 .04 
Model CB2 WNB 1 .1 – 5 .7 – – – – –
Model PBG1 WNB 0 .6 – 6 .2 3 .5 2 .9 – 0 .13 − 0 .17 
Model PBG2 WNB 0 .3 – 6 .3 0 .8 0 .0 – 0 .12 − 0 .15 
Model SD1 WNB 0 .8 – 7 .8 4 .0 3 .2 – 0 .21 0 .09 
Model SD1S WNB 0 .8 – 3 .6 – – – – –

t bar : The time of bar formation, defined in Section 3.3 . 
R bar,end : The length of the bar at the end of the model’s run. 
t buck : The time of the first major peak A buck . 
t sh : The time when persistent shoulders are first recognized by the SRA , disregarding transients (see Section 4.3 ). 
S max : The maximum strength of the shoulders in the model’s run, as defined in Section 2.2 . 
a shallowest : The shallowest slope ( i.e. maximum flatness) of the shoulders in the model’s run. The closer this figure to 0, the 
flatter the shoulder at its shallowest. 
∗These models undergo a second major buckling, defined by a second major peak in A buck . 
† This model develops a BP bulge via resonant trapping before the bar buckles – see text. 
‡ The pure star-forming model. 
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uring or after the first buckling episode (note that early spiral
nterference gives rise to transient shoulders in a few brief intervals) 
nd tend to evolve more irregularly. 
The weakening of the bar at buckling in group B models is seen in
heir temporary retreat (Martinez-Valpuesta & Shlosman 2004 ; De- 
attista et al. 2006 ), although no bar is destroyed by buckling. In some
MNRAS 513, 1642–1661 (2022) 
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Figure 7. Evolution of the logarithmic surface density profile in the major axis cut for group B models (except model 2S which is shown in Fig. 8 ). Time 
advances along the vertical axis. Every 1 Gyr , the profile is highlighted in bold and the time in Gyr indicated abo v e the maximum density. The blue dots represent 
the bar radius. If the SRA recognizes a shoulder, its extent (inner to outer edge) is shown in red. The times of major buckling episode peaks are shown in green. 
Shoulders, if present, usually appear after first buckling. 
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NB models (e.g . PBG2 at ∼2 . 6 Gyr ), the shoulders weaken tem-
orarily, and are not recognized by the SRA until they reappear later.
In Table 2 , column t sh −t bar shows the delay between bar formation

nd formation of persistent shoulders. The delays are somewhat
maller for group WNB. The exceptions are models PBG1 and SD1
persistent shoulders form ∼3 Gyr after bar formation in each case).

Column t sh −t buck shows the time delay between first buckling and
rst detection of persistent shoulders in group B models, disregarding

ransients. A wide range of delays is seen, from almost immediate
models 5 and T4) to ∼3 Gyr (model 3). 

.3.3 Relation with BP bulges 

e have verified, by inspecting the surface density in the ( x , z)-
lane, that all WNB models gradually form BP bulges. Quillen ( 2002 )
emonstrated that this is possible by resonant trapping of stars, rather
han by the more violent buckling instability, and Petersen, Weinberg
 Katz ( 2014 ) and Sell w ood & Gerhard ( 2020 ) demonstrated this
NRAS 513, 1642–1661 (2022) 
sing N -body simulations. This ‘slow mode’ of BP growth results
rom the high central mass concentration in group WNB models
which have discy pseudobulges), which suppresses the buckling
nstability (Sotnikova & Rodionov 2005 ; Petersen et al. 2014 ). 

We checked for the presence of BP bulges in all models by exam-
ning height profiles, the fourth order Gauss–Hermite moments of
he z-axis line-of-sight velocity and height distributions (Debattista
t al. 2005 ), and by visual inspection. Persistent shoulders in most B
odels develop during or after the emergence of a BP bulge. In most
NB models shoulders appear before BPs. There is a wide range of

ime differences between when shoulders and BPs emerge – the two
henomena do not al w ays appear together. 

.3.4 Connection between shoulders and bar growth 

ig. 9 shows the evolution of the fractional change in major axis
urface density from a time shortly before the shoulders form for
wo models (group B model 2 and group WNB model PB1), and

art/stac913_f7.eps
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Figure 8. Evolution of the logarithmic surface density profile in the major axis cut for group WNB models, and buckling model 2S (top left). Time advances 
along the vertical axis. Every 1 Gyr , the profile is highlighted in bold and the time in Gyr indicated abo v e the maximum density. The blue dots represent the bar 
radius. If the SRA recognizes a shoulder, its extent (inner to outer edge) is shown in red. The times of the major buckling peak in model 2S are shown in green. 
Shoulders, if present, grow steadily soon after bar formation. 
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odel T6 whose profile remains nearly exponential (no shoulders). 
s the bar grows in models 2 and PB1, the density within the shoulder

rea increases, with the peak increase at the location of the clavicle.
his suggests that additional material trapped by the growing bar 

concentrates’ at the clavicle. The exponential bar in T6 also shows
 density increase near its end as the bar reco v ers from its buckling,
ut not enough for the model to manifest a shoulder profile. At
 ∼ 8 Gyr , bar growth falters (black line) and the (small) o v erdensity
hen reduces. These results hint at a link between growth of the
houlders and growth of the bar. 

The two models with spinning prograde haloes (2S and SD1S) 
o not manifest any persistent shoulders. In these two models the 
ar growth is clearly suppressed – the blue markers indicating R bar 

ardly mo v e in radius at all during 10 Gyr of evolution (Fig. 8 ). The
ar cannot grow significantly owing to the inability of a maximally 
pinning halo to absorb its angular momentum (although the outer 
isc may still absorb a small fraction) – see Athanassoula ( 2002 ).
 a  
learly then, if the bar forms but cannot grow, it will not develop
houlders, although lack of shoulders does not necessarily signify a 
ar which is not growing ( e .g . model T6, Fig. 7 ). 

.3.5 Shoulder particle trapping by the bar 

ars grow by trapping stellar orbits. To further investigate the 
onnection between bar growth and the shoulders, we explore how 

he particle orbits that come to make up the shoulder evolve with
ime. We do this by identifying particles present in the shoulder
egion at a ‘reference’ time t ref and computing the observed mean
longation of the distribution in x and y at times both before and after
his time (for the same particles). At very early times, we expect
hese particles to lie outside the bar and thus have roughly circular
istributions; as they become trapped by the growing bar, their mean
istribution should become more elongated. We do this for models 5
nd SD1, with reference time t ref = 4.0 Gyr; the mean elongation is
MNRAS 513, 1642–1661 (2022) 
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Figure 9. The fractional change in major axis surface density ( | y| ≤ 1 kpc ) for group B model 2 (left-hand panel), group WNB model PB1 (middle panel), and 
model T6 whose profile remains (close to) exponential throughout its evolution (right-hand panel). The black line is the bar radial extent. The two white lines 
represent the inner and outer edges of the shoulders, and the white dashed line represents the outer edge of the clavicle. Green vertical dot–dashed lines represent 
buckling times. Red vertical dot–dashed lines represent times when the SRA first recognizes persistent shoulders. Note the different scales on the y- axes. As the 
bar grows in models 2 and PB1, the density within the shoulder area increases, with the peak increase at the clavicle. 

Figure 10. Evolution of the ratio 
∑ 

k | y k | / 
∑ 

k | x k | (sum o v er particles) of the 
density distribution (red line) for three models, for particles in the shoulder at 
times t ref as indicated in the annotation in each panel. For model SD1S, which 
lacks shoulders, we take particles in the ‘equi v alent’ shoulder region 0.66 ≤
| x | / R bar ≤ 1.1 (the mean shoulder region for all shoulders in all models). Since 
we select particles in the shoulder regions at t = t ref , we expect and see a 
large drop in this ratio at that time (at t ref , the particles are in two rectangular 
volumes either side of x = 0). Black lines: A bar . Red vertical dot–dashed lines: 
times shoulders are first recognized. Green vertical dot–dashed lines: times 
of major buckling. 
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omputed as � k | y k | / � k | x k | for all particles k within the shoulders

t t ref . Values of � k | y k | / � k | x k | ∼ 1 indicate near-circular orbits.
or comparison, we also perform this analysis for model SD1S,
hich remains exponential and does not form shoulders; we define

n ‘equi v alent’ region corresponding to the mean shoulder extent
relative to the bar size) from the models that do form shoulders. 

Fig. 10 shows a gradual reduction in � k | y k | / � k | x k | from ∼1,
ollowed by an approximately constant value of ∼0.4 for models
 and PB1 (red lines). This is an indicator of trapping by the bar as
rbits become elongated, and the particles in the shoulder at t ref are
NRAS 513, 1642–1661 (2022) 
argely trapped by the time the ratio reaches ∼0.4. The particles in
he exponential bar in model SD1S show similar trapping behaviour;
o we ver, the final (post trapping) ratio in this case is significantly
igher ( ∼0.7), a much lower level of elongation. This indicates that
hese particles are not trapped into the same orbit morphology as
hose particles destined to be in a shoulder. The bar in this model does
ot grow, and no shoulders form. High elongation orbits are adopted
y newly trapped particles once the bar begins its growth (we explore
he orbits supporting the shoulders in Section 7 ); in other words, bars
re not formed with shoulders but acquire them as they grow. 

.3.6 Pure star-forming model 

ll models considered so far had stellar discs as part of the initial
etup. To determine if our conclusions are strictly a result of
hese initial conditions, we examine model HG1 (see section 3.2 ).
his model does not buckle strongly. As shown by Athanassoula,
achado & Rodionov ( 2013 ), in the presence of significant amounts

f gas, bars are expected to form later and be weaker than in gas-free
odels. Model HG1 shows these characteristics; it forms a smaller

ar at ∼3 Gyr. From that point the bar grows moderately but steadily
 R bar ∼ 3 kpc at t = 10 Gyr). The bar is weaker than in models with
nitial discs, having max A bar ∼ 0.12. Fig. 11 shows the shoulder
volution for this model. Persistent shoulders only emerge once the
ar grows significantly in radius at ∼6 Gyr, consistent with our earlier
nalysis. We have verified, by examining the height profile, fourth-
rder Gauss-Hermite moments of the ( x , y ) line of sight velocity
nd height distributions (Debattista et al. 2005 ) along the major axis
hat a BP bulge is present when the shoulders appear. Since these
esults are consistent with those for the models with initial discs
onsidered abo v e, we conclude that those initial conditions do not
ead to artificial shoulder formation. None the less, the bars in the
ure N -body simulations grow rapidly and quickly become larger
mean R bar = 8.4 kpc at t = 10 Gyr ) than those observed (Erwin
019 ). 

.4 Quantitati v e properties of the shoulders 

e have shown that persistent shoulders develop as a part of bar
rowth, and are accompanied by BP bulges. We now examine
uantitatively the relationship between bar/BP growth and shoulder
volution. 
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Figure 11. Evolution of the logarithmic surface density profile in the major 
axis cut for the pure star-forming model HG1. Time advances along the 
v ertical axis. Ev ery 1 Gyr , the profile is highlighted in bold and the time in 
Gyr indicated abo v e the maximum density. The blue dots represent the bar 
radius. If the SRA recognizes a shoulder, its extent (inner to outer edge) is 
shown in red. The pure star-forming model forms persistent shoulders as do 
the N -body models. 
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.4.1 Shoulder outer edge location 

or all models which have shoulders at t = 10 Gyr , we compute the
ocation of the shoulder edge ( R sh ), normalized to R bar (bar radius)
nd R BP (BP bulge ‘radius’). Groups B and WNB are consistent 
ithin the errors. On average, R sh lies just beyond the bar radius,
ith R sh / R bar = 1.16 ± 0.06. There is little evolution of this ratio

n most models. With respect to the BP bulge radial extent, we find
 sh / R BP = 2.30 ± 0.27. This is consistent within errors with L ̈utticke
t al. ( 2000 ), who found a ratio of 2.7 ± 0.3 in a sample of 43 edge-on
arred galaxies. 

.4.2 Shoulder edg e , strength, and flatness 

ig. 12 shows the evolution of the shoulder strength S and slope a
i.e . the flatness), starting at the time of first shoulder detection for
ach model. 

Usually, S increases with time in both groups (unless secondary 
uckling or periods of shoulder weakening occur, e.g. model 5 at 
5 Gyr after first shoulder recognition), and the shoulder evolves 

owards 0 slope ( i.e. flatter). As the shoulders grow they contain an
ver higher fraction of excess mass. We have verified that in most
odels, R sh , when normalized by R bar , remains within a relatively

arrow range, supporting the idea that shoulders develop as part of
he bar’s evolution. This is consistent with the simulations of Bureau 
 Athanassoula ( 2005 ), who found that the extent of the ‘plateaux’
rew with time as the bar lengthened. 

.4.3 Correlations with bar and BP properties 

ig. 13 plots S and a versus A bar . There is no general correlation
see also Fig. 10 where shoulders form at different bar strengths);
o we ver, for around half of the individual models – many WNB
odels and models T1, 2, and 4 before shoulder weakening –

he strengths of the shoulders and bar are correlated, albeit with
ignificant scatter (top row), with a similar, but weaker relation 
etween a and A bar (bottom row). S and a are similarly correlated
ith R bar (not shown). For these models, the stronger and longer the
ar, the stronger and flatter the shoulder. We note that the slope for
odel SD1 becomes positive towards the end of the simulation, i.e.

p-bending shoulders (see Fig. 8 ). 
In Fig. 14 , we show the relationship between d S/ d t and d R bar /d t

or all models, split between B and WNB models. We disregard
ransients and smooth out some of the noise by averaging every
our time steps. Note that we have few points with d R bar /d t < 0,
ince there are relatively few time steps where the bar is shrinking
n radius. Although still somewhat noisy, the plot shows that as the
ate of increase in bar radius rises, so does the rate at which excess
ass is trapped in the shoulder. This, coupled with the demonstra-

ion abo v e that the longer the bar the stronger the shoulders, is
vidence of a link between growth of the bar, and strength of the
houlders. 

Fig. 15 plots shoulder parameters versus BP size and strength 
. Within most WNB models, the shoulders become flatter and 

tronger as the BP bulge becomes stronger. For most buckling 
odels, the shoulders grow alongside a BP bulge whose strength 

emains relatively constant. For models exhibiting the correlation 
etween R BP and B, a variety of slopes are observed. 

 S H O U L D E R  DI SSOLUTI ON  

n most models shoulders persist once established (Figs 7 and 8 ). In
ome models, ho we v er, the y dissolv e with little impact on the bar
trength (models 5 and T4 in Fig. 7 ). For model 5, the shoulders exist
nly between the first and second buckling. The second buckling is
esponsible for shoulder dissolution. Dissolution does not need to be 
ermanent: model 3 suffers two buckling episodes, but its shoulders 
eco v er soon after the second. 

Fig. 16 shows the radial evolution of A buck for model 5. The
rst buckling episode ( t ∼ 2 . 8 Gyr ) results in a BP bulge. Persistent
houlders form at t ∼ 3 . 5 Gyr and grow steadily. The second buck-
ing at t ∼ 6 . 8 Gyr occurs in the shoulder area, with A buck peaking
etween the middle of the clavicle to the end of the bar although there
s little impact on the bar strength (Fig. 6 ). The portion of the disc at
adii smaller than the inner clavicle edge is not affected by the second
uckling (consistent with the simulation of Łokas ( 2019 ), who found
 second buckling was concentrated in the outer part of the bar, and
id not impact the bar strength). As the second buckling begins, the
ntire shoulder retreats somewhat before vanishing. This happens 
apidly ( ∼0 . 7 Gyr separate the peak in A buck at second buckling and
he time when the SRA no longer recognizes shoulders). Qualitatively 
imilar results are observed for models 2, 3, and T4, except that in
odel 3, the shoulders regrow almost immediately. Major secondary 

uckling is thus focused in the shoulder area, and rapidly turns a flat
ar profile into an exponential one. In some cases shoulders are able
o regrow quickly. This is dependent on the bar’s ability to capture
MNRAS 513, 1642–1661 (2022) 
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Figure 12. The evolution of shoulder edge, R sh, normalized to R bar , strength, S, and slope, a , as a function of time since shoulder formation. Transient shoulders, 
and periods of decline during secondary buckling, are shown with grey symbols to focus on periods of steady shoulder growth. 

Figure 13. Plots of shoulder strength and slope with bar strength A bar . Transient shoulders, and periods of decline during secondary buckling, are shown with 
grey symbols to focus on periods of steady shoulder growth. 
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ufficient additional material after the second buckling episode. We
av e v erified that the corotation radius ( R CR ) increases gradually in
ll models except those with spun-up haloes (D6S and SD1S). It
ight be that, after a second buckling, a relative dearth of material

e yond R CR prev ents quick reformation of the shoulders, since the bar
as less additional mass to trap than previously, when R CR was lower.
odels 5 and T4 may be exhibiting this behaviour after their second

uckling. Shoulder dissolution therefore, may either be temporary or
ong lasting. 

Secondary buckling is not the only way shoulders dissolve. In
odels HD2 at t ∼ 7.5 (Fig. 7 ) and PBG2 at t ∼ 2.5 Gyr (Fig. 8 ),

ersistent shoulders dissolve without buckling. In these cases, we
av e v erified that shoulder dissolution occurs via strong spirals
erturbing the ends of the bar, disrupting its morphology and reducing
ts size. 

Model T6 has no shoulders detected by the SRA , before or after
uckling, in contrast with model T4, which has a similar bar radius
volution. While close inspection of model T6 reveals hints of
houlders near the end of the bar at ∼3 Gyr; this is below our chosen
NRAS 513, 1642–1661 (2022) 

s  
etection threshold ( T ∼ 0.5 versus the threshold 0.4, so they are very
eak), persisting until ∼5.5 Gyr. The difference between models T4

nd T6 appears to be caused by the thicker disc of T6 relative to T4
median | z| = 0.26 versus 0.10 kpc at t = 0, respectively). As such,
here is more material at large heights abo v e the bar, which dilutes
ny shoulders that would form from recent trapping. 

 OBSERVA  T I O NA L  C O N S I D E R A  T I O N S  

.1 Shoulders in projection 

e now explore whether projection affects the recognition and
bserved properties of shoulders. We examine model 2 at various
nclinations i < 60 ◦ and relative bar position angles � PA. The SRA

ecognizes shoulders for every combination of i and � PA, implying
hat shoulders, if they exist, would be observed at all inclinations
p to ∼60 ◦. For example, Fig. 17 shows the model and shoulder
etection for i = 60 ◦ at t = 5 Gyr (when the BP bulge and face-on
houlders are well established) for various bar position angles. Erwin
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Figure 14. Rate of growth of the shoulder strength (excess mass fraction), 
d S/ d t versus rate of growth of the bar radius, d R bar /d t , for all models. Red 
points are B models, cyan points are WNB models. Transients are excluded. 
To reduce noise, we av erage o v er four time steps. Spearman rank correlation 
coefficients and associated p -values are shown in the annotation. 
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 Debattista ( 2013 ) showed that moderately inclined galaxies with 
 BP bulge have isophotes with a boxy inner part from the thickened
ortion of the bar, accompanied by spurs. They also showed that 
hen the bar’s position angle is beyond ∼50 ◦ from the major axis,

uch a morphology may not be apparent. Fig. 17 shows that in such
ases, the shoulders are still recognized. 

In contrast, model 2S with a spinning halo does not manifest 
houlders at any time step. Fig. 18 shows the model and shoulder
etection for i = 60 ◦ at t = 5 Gyr , with the first column showing the
ace-on projection. Shoulders are not recognized at any combination 
f i and � PA. 
Fig. 19 shows the ratios of inclined to face-on values for some of

he observable shoulder parameters, when viewed in projection. Most 
arameters are not substantially ( � 15 per cent ) af fected. Ho we ver,
 (i.e. flatness, top left-hand panel) is strongly affected, and this
arameter determines whether a shoulder is recognized. Values less 
han 1 indicate that a shoulder becomes flatter, and greater than 1
ndicate that it becomes steeper, i.e. less shoulder-like. For higher i 
nd smaller � PA ( � 30 ◦), shoulder profiles become flatter. For higher
 PA, shoulder profiles appear less flat – potentially resulting in them 

isappearing altogether if they are intrinsically weak. Some caution 
s therefore needed when interpreting flat bar profiles in projection. 

.2 Buckling bars and shoulders 

rwin & Debattista ( 2016 ) presented the first direct detection of
uckling bars, in NGC 4569 and NGC 3227 through examination 
f their isophotes. Using simulations, they noted that buckling 
alaxies are expected to exhibit spurs offset on the same side of
he projected major axis, together with trapezoidal, rather than boxy, 
nner isophotes (their fig. 2). Fig. 20 shows the surface brightness
rofile along the bar major axis (on the sky, not deprojected) of
GC 4569 ( i = 69 ◦, � PA = 26 ◦). It is a system with shoulders
ithin the bar (albeit with significant star formation contaminating 
he x > 0 profile). Is it possible to have both the isophotal morphology
f buckling and shoulders? 
Fig. 21 demonstrates that it is indeed possible: we show model

 shortly after peak buckling, at t = 4 . 2 Gyr , rotated to the same
rientation as NGC 4569. The model presents the same isophotal 
orphology as NGC 4569, and the SRA recognizes shoulders in this

rojected profile. We find a similar signal in model 3, and in models
 and T1 during their second bucklings (for a short time before
he shoulders dissolve), but not their first. Thus, the models are
onsistent with those of NGC 4569, and the coexistence of shoulders
nd buckling does not necessarily imply a second buckling. 

 I MPRI NT  O F  SHOULDER-SUPPORTI NG  

R B I T S  

o explore the types of orbits that support shoulders (a more in depth
tudy will be presented in Beraldo e Silva et al., in preparation), we
xtract the particles within the shoulder region (i.e. from inner to
uter shoulder edges for both x < 0 and x > 0, and | y | < 1 kpc) for
hree models at times when the shoulders are well developed. Fig. 22
hows their surface density in the ( x , y )-plane at the selection time,
nd at a later time (but when the shoulders are still present). Although
e can see a low density of particles outside of the shoulders

blue areas – these particles happened to have been located in the
houlder area when the source cut w as tak en), the distributions o v erall
esemble looped x 1 orbits. They have apocentres in the shoulder 
rea, and clearly a v oid the centre (we hav e v erified that the shoulder-
upporting morphology is not a consequence of our choice of ‘slit
idth’ in the major-axis cut, | y | < 1 kpc, by repeating our analysis
ith significantly larger and smaller slits). This morphology is not 

een for particles in cuts outside the shoulders. This is consistent
ith the evolution of the elongation of orbits of particles destined to
e in the shoulders discussed in Section 4.3.5 . 
Tracking the particles further, the lower right pair of plots in Fig. 22

hows that, with time, the morphology of the shoulder particles 
smears out’ when viewed in the ( x , y )-plane. Therefore, given
nough time, stars initially on shoulder orbits evolve into librating 
ox-like orbits, reducing their support of the shoulder morphology. 
his in turn requires that, for shoulders to persist long term, the
ar must continuously capture additional material on to such looped 
rbits, and the bar must continue to grow. 
In Fig. 23 , we show particles in the shoulders from model 5 at

 time before the second buckling (second column) and the same
articles after the shoulders have been destroyed by the second 
uckling (third column). In the third column we also plot (dashed red
ine) the major axis density from the second column for comparison.

e see hints of changes in morphology; the particles do not a v oid
he centre as much, have a more diffuse, ‘box-like’ shape, and are
ess extended along y for | x| ≤ 3 kpc . They are also less radially
xtended. The mass ‘smears out’ both towards the centre and, at
he end of the loops, along the y -direction. So the density profile
ecomes more uniform along the major axis, for particles which were
reviously concentrated in the loops (dashed red line). The second 
uckling drives the x 1 orbits out of the plane, and this also changes
heir projected morphology (e.g. fig. 8 in Łokas 2019 ), diluting the
 v erdensity. Since the second buckling prevents the bar from growing
temporarily in some models), and therefore renders it unable to 
apture additional particles from the periphery of the disc into the
ooped orbits, this transformation weakens and ultimately dissolves 
he shoulders, returning the bar profile to exponential. Furthermore, 
s discussed abo v e, R CR increases in time, so a relative lack of
MNRAS 513, 1642–1661 (2022) 

art/stac913_f14.eps


1656 S. R. Anderson et al. 

M

Figure 15. Plots of shoulder strength and slope with BP bulge strength, B, and radial extent, R BP . Transient shoulders, and periods of decline during secondary 
buckling, are shown with grey symbols to focus on periods of steady shoulder growth. 

Figure 16. Evolution of A buck (by cylindrical R ) for model 5 from t = 2 Gyr . 
The black line represents the bar radius, the white dashed line represents the 
outer edge of the clavicle, and the two solid white lines represent the location 
of the inner and outer edges of the shoulder. A second buckling tends to occur 
in the shoulder region and destroys the shoulder. 
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aterial outside R CR after the second buckling may also contribute
o the inability to quickly reform shoulders. 

The last two columns of Fig. 23 show particles in model CB2’s
ery weak shoulders at 0.9 Gyr (we consider these to be transients).
e see a diffuse shape and a reduced extension along y for | x | ≤
 kpc at 2.2 Gyr. The plots beneath each ( x , y )-plane panel show the
ajor axis profiles for the selected particles and confirm this visual

mpression. Weak or dissolved shoulders appear to be supported by
ore box-like, diffuse orbits. 
NRAS 513, 1642–1661 (2022) 
In their study of orbital support of bars, Smirnov, Tikhonenko
 Sotnikova ( 2021 ) found that as the central concentration of their
odels increased, so did the percentage of x 1 orbits. We note that

he B models reach a higher maximum shoulder strength on average
han the WNB models (median S max = 0.25 and 0.16, respectively).
ecall that the WNB models are more centrally concentrated than

he B models. This would intuitively lead one to expect stronger,
ot weaker shoulders in the WNB models, in contradiction to our
ndings. Ho we ver, the authors do not distinguish between x 1 orbits

n general, and those having loops, so a direct comparison is difficult.

 DI SCUSSI ON  

.1 Shoulders as a manifestation of bar growth 

 key insight of this work is that shoulders are a manifestation of
he bar’s secular growth. The simulations with prograde spinning
aloes (Fig. 8 ) show that shoulders do not form if the bar is unable
o grow. Since bars do not form with shoulders in place, shoulders
re not part of the bar instability itself, but rather appear if the bar
ro ws. Section 4.4.1 sho ws that shoulders end just outside the bar
adius, with a relatively small variation in R sh / R bar ( σ ∼ 5 per cent
f the mean), showing that the shoulder edge tracks the end of the
ar rather closely. 

Fig. 12 shows that shoulders typically become flatter as they
volve. This is not a general rule, ho we ver; models 3 and 4 undergo
eriods of weakening, and model PBG2 shows no strong growth
rend. Furthermore, the data include episodes of steepening (i.e.
ecoming less shoulder-like) during secondary buckling and periods
f spiral interference. Fig. 13 shows that for many models, in general
he stronger and longer the bar, the stronger and flatter becomes the
houlder. This is consistent with Kim et al. ( 2015 ) who found that
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Figure 17. Surface density contours in the projected ( x , y )-plane for model 2 at t = 5 Gyr . The model has been rotated to inclination i = 60 ◦ and intrinsic bar 
position angles � PA = 0 ◦, 30 ◦, 60 ◦, and 90 ◦. Within each panel, the dashed cyan line represents the bar’s projected major axis. Beneath each ( x , y ) panel is the 
logarithmic surface density (in arbitrary units) along the bar’s projected major axis (projected | y| ≤ 1 kpc ). The grey area represents the projected bar’s radial 
extent. In all cases, the SRA recognizes shoulders; the vertical dot–dashed lines represent the clavicle centres and the vertical red lines mark the inner and outer 
boundaries of the shoulders. 

Figure 18. Surface density contours in the projected ( x , y )-plane for model 2S at t = 5 Gyr. The first column shows the face on projection. In the remaining 
columns, the model has been rotated to inclination i = 60 ◦ and intrinsic bar position angles � PA = 0 ◦, 30 ◦, 60 ◦, and 90 ◦. Within each panel, the dashed cyan 
line represents the projected bar’s major axis. Beneath each ( x , y ) panel is the logarithmic surface density (in arbitrary units) along the projected major axis 
(projected | y | ≤ 1 kpc). The grey area represents the projected bar radius. The SRA does not recognize shoulders at any bar position angle. 
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onger bars tend to show flatter profiles (defined by the S ́ersic index
f the bar profile) in their sample of 144 face-on barred galaxies. 
Ho we ver, Figs 12 and 13 also show that it is not possible to use

he observed profile flatness alone to determine the age of a bar,
espite the general evolutionary trend towards flattening. The rate 
t which the slope flattens varies considerably between the models, 
nd the decrease in slope is not monotonic in time (Fig. 12 ) or
s the bar strengthens (Fig. 13 ). Furthermore, the dissolution of
houlders via secondary buckling and the profile’s subsequent return 
o exponential (grey markers in Figs 12 and 13 ) bolsters the argument
hat exponential profiles are not necessarily indicators of young bars. 

e conclude that the flatness of the bar’s profile cannot be used as a
hronometer, as suggested by Kim et al. ( 2015 ). 

Buckling is preceded by a reduction in β = σ z / σ R , the ratio of
he stellar vertical to radial velocity dispersions, to ∼0.5 (Sell w ood
996 ). We have confirmed that β along the bar’s major axis declines
efore the first buckling. In our models, as was seen in simulations by
okas ( 2019 ), the trigger value is closer to 0.6. Buckling is followed

mmediately by a rise in β in the buckled region. As the bar continues
o grow post buckling, an increase in anisotropy (a renewed reduction
n β) is seen in the shoulder region, as orbits of newly trapped
articles become radially elongated (Figs 10 and 22 ). The increase
s focused in the shoulder region since this is the location of highest

R . For the models which undergo a second buckling, β eventually 
eaches ∼0.6 in the shoulders once more, leading to buckling in
his region, which destroys the shoulders (followed again by an 
mmediate rise in β). So bar growth triggers both shoulder formation
nd eventually secondary buckling. 

Persistent shoulders are often, but not al w ays, accompanied by a
P. So a BP can be present without accompanying shoulders, perhaps

or them only to emerge after a considerable time (e.g. model T1
hich forms a BP ∼2 Gyr before shoulders appear). In other models,
MNRAS 513, 1642–1661 (2022) 
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M

Figure 19. Inclined (subscript ‘incl’) to face on (subscript ‘0’) ratios for 
observable shoulder parameters for model 2 at t = 5 Gyr . The model has 
been rotated to different inclinations, i , and intrinsic bar position angles, 
� PA, as indicated. Top panel, left to right: Slope a , ratio of peak to clavicle 
logarithmic surface density ρ. Lower panel, left to right: R clav,in / R bar , R sh / R bar . 

Figure 20. The major axis surface brightness profile in the Spitzer IRAC 

3 . 6 μm band for NGC 4569 (Kennicutt et al. 2003 ), which is currently 
buckling. The major axis has been scaled to the bar radius R bar and the 
thick vertical grey lines mark the size of the bar. 
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Figure 21. Upper panel: Log � 

� density contours in the projected ( x , y )- 
plane for model 4 during its buckling at time t = 4 . 2 Gyr , 0 . 4 Gyr after 
maximum A buck . The model has been rotated to match the inclination and 
bar relative position angle of NGC 4569. The dashed cyan line represents the 
projected bar’s major axis, which has been rotated to lie along the projected 
x -axis. A sample trapezoidal inner isodensity contour is shown in red, and 
in green is a contour with spurs offset on the same side of the major axis; 
these are the observational signatures of a buckling bar. Lower panel: Log � 

� 

along the projected bar major axis, x (projected | y| ≤ 1 kpc ). The grey area 
represents the projected bar radius, the vertical dot–dashed lines represent the 
clavicle centres as identified by the SRA , and the thin vertical red lines mark 
the boundaries of the shoulders. 
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articularly many of the WNB ones, shoulders appear before a BP.
he spread in the ratio of shoulder edge to BP radius is twice that
ith the respect to the bar radius (Section 4.4.1 ); thus shoulders

rack the bar radius rather than the BP bulge radius. It appears that
oth shoulders and BPs – although both trace bar growth – form
ndependently. 

.2 Orbital support 

 1 orbits are those primarily responsible for supporting the bar
nd have been the subject of many studies (see Contopoulos &
apayannopoulos 1980 ; Sell w ood & Wilkinson 1993 ; Binney &
remaine 2008 ). Fig. 22 suggests that stars lingering in the looped
egion of x 1 orbits are responsible for the shoulders. Contopoulos
 1988 ) found that x 1 orbits with loops appeared when the potential
as strongly barred, and Athanassoula ( 1992 ) found the same in her
odels with high quadrupole moment. Valluri et al. ( 2016 ) discuss

xamples of x 1 orbits, one or two of which qualitatively resemble the
houlder-supporting morphology (their fig. 4). They are not part of
he backbone of the BP structure, being located near the ends of the
ar (Gajda, Łokas & Athanassoula 2016 ; P arul, Smirno v & Sotnikova
020 ), which is near the outer edge of the shoulder structure (Fig. 2 ).
ence we expect BPs and shoulders to develop independently despite

hem both being impacted by bar growth. 
As we have shown in Fig. 23 , shoulder dissolution appears to

ransform these orbits, possibly into box orbits librating about the
NRAS 513, 1642–1661 (2022) 
 1 orbits. The buckling prevents the bar from growing (temporarily),
nd therefore renders it unable to capture additional particles into
esonant looped x 1 orbits. Once the orbits already in the shoulder
a ve ev olved into more box-like orbits, the shoulder morphology is
o longer supported and the bar profile becomes exponential once
ore, until fresh stars are trapped on to x 1 orbits. 
We also note that the location of the inner limit of the shoulder in

lmost all models mo v es outwards as the bar evolves (Figs 7 and 8 ).
his also supports the notion that the particles trapped into shoulder
rbits o v er time evolv e a way from looped x 1 orbits, into more uniform
ox-like orbits ( Łokas 2019 ), thus eliminating the o v erdensity in that
art of the bar as it continues to grow outwards. 

.3 Summary 

e have used isolated galaxy simulations (16 collisionless N -body,
wo of which have gas and star formation, and one pure star-forming
odel) to study the outer regions of galactic bars, where the surface

ensity profile along the bar major axis becomes shallow (or ‘flat’)
nd then breaks to a steep falloff, a pattern we term ‘shoulders’. Our
ain results are: 
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Figure 22. Surface density in the ( x , y )-plane at times indicated in the annotations in each panel, for those particles located within the shoulders at an earlier 
time step t i . Within each pair of plots (except the pair at lower right), the left plot shows the particles in the shoulder at t i , and the number of particles is indicated 
in the lower right of each panel ( N ). The right plot shows the same particles later in the model’s evolution. Beneath each panel we show log � 

� for the particles 
along the major axis ( | y | ≤ 1 kpc). Note the different scales on the plots. The pair at lower right show the particles for model 2 at t i = 4.4 Gyr, but at later times 
7 and 9 Gyr. The plots show the loop-like morphology of the underlying orbits, and the lower right pair sho ws ho w the orbits of a given set of shoulder particles 
tend to librate in time, diluting these particles’ contribution to the shoulders. 

Figure 23. As for Fig. 22 , but now showing (first three columns) the effect of second buckling and (last two columns) the case of a very weak shoulder. First 
column: Particles in the shoulder at t i for model 5 (after first buckling). Second and third columns: Model 5 shoulder particles at 6 and 8 Gyr, respectively, the 
latter being 1 Gyr after the second buckling. Fourth and fifth columns: Shoulder particles for (non-buckling) model CB2, where the shoulders are extremely 
weak and we consider them to be transients. In the lower panels we show the major axis density profiles, and in the third column we repeat that for t = 6 Gyr in 
red for comparison. 
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(i) Shoulders form as part of the bar’s secular evolution – they are 
 sign of a growing bar. They are not present when a bar first forms,
nd do not subsequently appear if a bar does not grow after formation
see Section 8.1 ). 

(ii) In many models, the strength and flatness of the shoulders 
ncrease as the bar evolves (although not monotonically). Most of 
ur models are consistent with the observational findings of Kim 

t al. ( 2015 ) that stronger and longer bars have flatter profiles (see
ection 4.4 ). 
(iii) Shoulders often – but not al w ays – appear alongside a BP.

ome models take a considerable time after BP formation before 
houlders emerge and in some models, shoulders appear before a BP,
MNRAS 513, 1642–1661 (2022) 
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o they are independent tracers of a growing bar. In non-buckling
odels, stronger and radially larger BP bulges are accompanied by

tronger, flatter shoulders (see Section 4.4.3 ). 
(iv) Secondary buckling dissolves shoulders, either temporarily or

onger term (depending on ho w ef fecti vely the bar captures additional
aterial afterwards), returning the bar to an exponential profile
ithout significantly weakening it. Strong spirals perturbing the bar

an have the same effect. A thick disc can mask shoulders owing to
ignificant mass being present at large heights. This destruction, the
arge variety of flattening rates of the bar as it evolves, and the fact that
he shoulder growth is not monotonic, means that it is not possible to
se the flatness of a bar’s profile in a simple way to determine its age.
otably, an exponential bar profile is not necessarily an indication
f a young bar (see Sections 5 , 8.1 ). 
(v) For models with both BPs and shoulders, face-on shoulders

re evident in projection, even though a ‘box + spurs’ morphology
n the ( x , y )-plane isophotes (a BP bulge indicator) may not be. The
houlder slope is strongly affected by projection, particularly at i �
5 ◦. Caution is therefore urged when observing flat bar profiles in
rojection (see Section 6 ). 
(vi) We showed evidence hinting that shoulders are the manifesta-

ion of particles being trapped by the growing bar around looped x 1 
rbits, where the time spent at apogalacticon results in the o v erdensity
n the shoulder region. In time, these orbits transform, probably into
ibrating boxes, so more material must be trapped for the shoulders
o persist. 

(vii) We hav e v erified that our conclusions are consistent with
esults from the fully self-consistent star forming model, and so are
ot peculiar to the collisionless models (see Section 4.3.6 ). 
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